On the construction of groupoid C*-algebras

Zan Grad
Instituto Superior Técnico
Centro de Anélise Matematica, Geometria e Sistemas Dinamicos

February 15, 2022

Abstract

This article serves as an invitation to the field of research that was introduced by Re-
nault in [1]. Generalizing topological groups, topological groupoids describe continuously
parametrizable symmetries which may fail to be global. A natural construction of a group
C*-algebra C*(G), which captures the information about unitary representations of a group
G on Hilbert spaces and naturally generalizes Fourier transform, may be extended to the
groupoid setting using the notion of a Haar system — we provide examples thereof.

1 Group C*-algebras

Groupoid C*-algebras generalize the construction of a group C*-algebra, so we begin our dis-
cussion with a relaxed motivation — a good reference for the results stated here is [2]. In this
section, G will denote a locally compact Hausdorff, second-countable topological group.

A Haar measure on the Borel o-algebra B(G) of G is a measure pu: B(G) — [0,00] that
satisfies the following properties:

(i) Regularity. For any open set U C G:
p(U) =sup{u(K) | K C U, K is compact},
for any Borel set S € B(G):
pu(S) =inf{pw(U) | S C U, U is open},
and for any compact set K C G, u(K) is finite. If this holds, we say u is a Radon measure.
(ii) Left-invariance: pu(gS) = u(S) for any g € G and S € B(G).

By Haar’s theorem, such a measure always exists on G and is unique up to a positive multiplica-
tive constant — this is proved by constructing a linear functional I on the set C.(G) of compactly
supported functions on G, such that I(f) > 0if f >0, and I(f o Ly) = I(f) for any g € G, and
then invoking Riesz’ representation theorem.* A Haar measure gives rise in the usual way to
the integral [: Ce(G) — C — we will use the notation

/G f(z)dz

*Note that in the important case when G is a Lie group, this functional is easily constructed by integrating f
over a left-invariant differential n-form, where n = dim G.




and keep the p implicit. Note that left-invariance of p implies that the integral is also left-

invariant, i.e.
[ oo = [ f@)as
G G

for any f € C.(G) and g € G. It is important to note that in general, the Haar integral
isn’t right-invariant, but rather that uniqueness (up to a positive multiplicative constant) of the
Haar measure implies that there exists a continuous homomorphism A: G — (0, c0), called the

modular function, such that
| fagyde=alg) [ f)as
G G

for any g € G. It is easy to see that if G is compact, then A = 1, so that the Haar integral is
also right invariant.t
Defining the norm on C.(G) as ||f|; = [ |f(z)| dz, the product as the convolution:

/f Vh(y~'z) dy,

fr(@) = fla=h)A@E™),

it is straightforward to see that the space C.(G) becomes a normed *-algebra (here, the property
Jo f(@)dz = [, f(z7')A(z™!) dz is relevant). The completion of C.(G) with respect to this
norm is *- 1sornorphlc to L'(G) — the importance of this space is stressed in the next example.

and involution as:

Example 1.1 (Abelian groups and Fourier transform). In the case when G is abelian, it is not
hard to show that there is a bijection from the set G := Hom(G, S') (continuous homomor-

—

phisms, called characters) to the set L!(G) of nonzero multiplicative functionals on L'(G); it is
given by

w + hy,, where h,(f) —/ f(@)w(x)dx
G

If we equip the domain with the compact-open topology (i.e. the topology of uniform convergence
on compacts) and the codomain with the weak-* topology, it is possible to show that this map
is a homeomorphism ([2, Lemma 1.78]).

On the other hand, the Gelfand transform on a (non-unital) commutative Banach algebra
A mapsa € Atoa e CO(E), a(h) = h(a), where A denotes the set of nonzero multiplicative
functionals on A, and C’O(A) denotes the set of all continuous (in the weak-* topology on j)
functions on A which vanish at infinity (i.e. the set {z € A | |f(z)| > €} is compact for any
€ > 0). Picking A = L'(G) and keeping in mind the identification from the previous paragraph,
the Gelfand transform of f € L'(G) is a function fe Co(a), given by

w) = /G f(@)w(x) da

In the case G = R, it’s easy to see that G = {z — ¢** | k € R} and R is homeomorphic to R,
so that the Gelfand transform L'(R) — Cp(R) is just the well-known Fourier transform. O

tG = R™ provides an example of a non-compact group with a right-invariant Haar integral. On a matrix Lie
group, it is possible to show that A(g) = |det(Ad(g~"))|, where Ad: G — GL(g) is given by Ad(g)(X) = gXg~'



We now use the norm ||.||; to construct another norm on C.(G) which captures information
about its representations on Hilbert spaces. Recall that a representation 7: C.(G) — B(H) is
said to be cyclic, if there exists a vector £ € H such that 7(C.(G))¢ = H, and norm-decreasing,
if [ (N < [[f]ly for all f € Ce(G).

Definition 1.2. The universal C*-norm ||.||, on C.(G) is given by
| fll, = sup{||7(f)|| | 7: Ce(G) = B(H) is a cyclic and norm-decreasing representation}.

Notice that the norm-decreasing condition in the definition above ensures that | ||, < ||f]|; for
any f € C.(G), so that |||, is well-defined (note that we cannot rely here on the fact that every *-
homomorphism between C*-algebras is bounded, because C,(G) is not complete in the L'-norm).
Since every representation is a direct sum of cyclic representations, we also have ||7(f)|| < ||f]l,,
for any norm-decreasing representation m; the cyclic condition in the definition ensures that
the supremum runs over a set, because any cyclic representation is unitarily equivalent to a
subrepresentation of one fixed Hilbert space.

The only nontrivial thing needed to be checked is positive definiteness, which is done using
regular representations. It follows straight from the definition of ||.||,, that (C.(G), ||.||,) satisfies
all other axioms of a normed *-algebra.

Definition 1.3. The group C*-algebra of G is the completion of C.(G) with respect to the
universal norm ||.|,. We denote this completion by C*(G).

The mathematical importance of C*(G) is in the following:

Proposition 1.4. There is a bijective correspondence between unitary representations of G and
nondegenerate representations of C*(G)

Here, a unitary representation of G is a (strongly) continuous homomorphism u: G — U(H)
into the set of unitary operators on a Hilbert space H, with the latter endowed with the strong
operator topology; a nondegenerate representation w: A — B(H) of a C*-algebra A is such that
m(A)H = H.

The idea of proof of this proposition rests upon the notion of a vector-valued integral, which
we briefly explain. If D is a Banach space, we consider the set of all compactly supported
continuous functions C.(G; D) — there exists a linear map [: Ce(G; D) — D, characterized by
the property

% </Gv(x) da:) = Lw(v(x))da: for all v € C.(G; D) and ¢ € D*.

(See e.g. [2, Lemma 1.91].) The bijection whose existence is asserted in the above proposition,
is then given by mapping u: G — U(H) to m,: C.(G) — B(H), called the integrated form of u,
which is given by

m(f) = [ f@pueds

where uy =uo L, € C.(G; B(H)). For details of the proof, see [3, Section C.3]).
To conclude this motivating section, we note that in the case when G is abelian, C*(G)

~

can be shown to be *-isomorphic to Cy(G), with the isomorphism given as the extension of the

~

Gelfand transform ~: C.(G) — Cy(G) to the completion C*(G) (see [3, Example C.20]).



2 Topological groupoids

Definition 2.1. A groupoid is a small category (i.e. the classes of its objects and morphisms
are sets) where every morphism is invertible. More precisely, a groupoid consists of:

(i) a set G of morphisms and a set M of objects,

(ii) two maps s,t: G — M, called the source and target maps, which prescribe to any mor-
phism its domain and codomain (respectively),

(iii) a wnit map 1: M — G, which assigns to every object x € M the identity morphism
1, = id;, and an inversion map inv: G — G, which assigns to any morphism ¢ € G its

inverse g1,

(iv) a partial multiplication map m: GxG — G, where GxG = {(g9,h) € GxG | s(g) =t(h)} is
the set of pairs of composable morphisms, which sends (g, h) € G x G to their composition
gh,

so that the following properties hold for any g, h,k € G and x € M:

(i) s(hg) = s(g) and t(hg) = t(h),
(i) s(1z) =t(1z) = and glyy) = 1y = g,
(iii) for any g € G there exists a unique g~! € G such that s(g~!) = t(g), t(g~!) = s(g),
glg =14 and gg~t = 1),
(iv) k(hg) = (kh)g whenever s(k) = t(h) and s(h) = t(g).

Given z € M, we also define s-fibre over = as G := s~ (x), t-fibre over x as G® := t~1(x), and
the verter group at x as G% := G, N G*. Notice that the set of all morphisms from z to y is just
GY := G, N GY. We will sometimes denote a morphism g € G by g: © — v.

A topological groupoid is a groupoid with G and M topological spaces, such that the maps
s,t,1,inv and m (with the relative topology on G x G C G x G) are continuous — we say that
the topology on the groupoid is compatible with the groupoid structure.

Remark 2.2. We write G = M for a groupoid, to mean the whole structure:

inv

Y,
G*GLG:th%G

Furthermore, in a Hausdorff topological groupoid, we may view M as a closed subspace of G:

Lemma 2.3. Let G = M be a topological groupoid. Then 1: M — G is a closed embedding if
and only if G is Hausdorff.

Proof. Recall that a topological space is Hausdorff if and only if any converging net has a unique
limit point. If G is Hausdorff, suppose that (15, )aca is @ net in 1p; converging to g € G. By
continuity of s, we have 2, = s(1,,) — s(g), and since G is Hausdorff, the limit point g is
unique, hence g = 1,,). Conversely, suppose that (ga)aea is a converging net in G, with limit
points 4 and k. By continuity of operations, g5 'ga 2 h~ 'k, and since o — Ly(ge) and 1ps
is closed by assumption, this implies h~'k € 1/, hence h = k. |

Note that if G is Hausdorff, then by previous lemma, so is M. This implies also that G * G
is closed, as it is an incidence set of two continuous maps.



Example 2.4.

(i)

(i)

(iii)

Base groupoid. Let M be a topological space. Defining G = {1, | = € M} and endow-
ing it with the obvious groupoid structure and topology inherited from M, we obtain a
topological groupoid.

Trivial groupoid. Let M be a topological space and G a topological group (G may not be
acting on M). We define the trivial groupoid M x G x M = M with the product topology,
and the groupoid structure given by:

e s and t are projections to the third and first factor (resp.),
e the unit map is given by 1, = (z,e,z) and inverse map by (y,g,2)"! = (x,971,y),
e the multiplication is given by (z, h,y)(y, g, x) = (z, hg, x).

It is straightforward to check that the groupoid axioms are satisfied, and that the topology
is compatible with the groupoid structure. Note that in the case when M = {x} is a
singleton, we can identify {x} x G x {*} = {*} with the group G, so that groupoids are a
generalization of groups. In case G = {e} is a trivial group, we call the obtained groupoid
a pair groupoid and just write M x M = M.

Action groupoid. Let M be a topological space and G a topological group acting on it
(from the left). We define a topological groupoid G x M = M by endowing it with the
product topology, and the compatible groupoid structure given by:

i 8(97:1:) =, t(g,fE) = 9z,
e the unit map is given by 1, = (e,x) and inverse map by (g,2)~' = (g7}, g7),
e the multiplication is given by (g2, 912)(91, ) = (9291, ).

We will write G x M to mean the obtained topological groupoid. It is easy to see that the
s-fibres are (G x M), = G x {x}, that the t-fibre of G x M at x may be identified with
the orbit Orbg(z), and that the vertex group (G x M)% = {(g,z) | g'x = 2} at = may
be identified with the stabilizer group of .

As a concrete example, the action of R on S! given by (t,z) + e?™z, provides us
with a groupoid structure on the cylinder, with the s-fibre at z given by a vertical line
(R x S1), = R x {z}, the t-fibre at z given by (R x S')* = {(t,w) | e*™w = z} (visually
depicted as a “spiral” on the cylinder), and (R x S1)? = Z x {z}.

2mit

The fundamental groupoid. Let M be a connected topological manifold. A relative homo-
topy H: [0,1]> — M between two paths «y,d: [0,1] — M is a homotopy that preserves the
basepoints, i.e. H(-,0) =~,H(-,1) =6 and H(0,-) = v(0) = §(0), H(1,-) = (1) = 4(1).
Define II(M) as the set of all equivalence classes of relatively homotopic paths in M, and
the groupoid structure on II(M) = M as

e s[y] =~(0), tly] =~ (1),
e 1, = [c;], where ¢, is the constant path to x, and [y]~! = [¥], where [¥] is the inverse
path to -,

e the multiplication is given by concatenation of paths, i.e. [d][y] = [y * d].

As an interesting fact, we note that the topology on II(M) is given in the following way.
If p: M — M is a universal cover of M and Aut(m) denotes the deck transformation
group, then the orbit space (M x M )/Aut(p) of the diagonal action can be shown to
be in bijection with II(M), so we endow II(M) with the topology of the orbit space.

The diagonal action Aut(p) x (M X M) — M x M is given by (0, (e1,€2)) = (¢p(e1), p(e2)).



Furthermore, it follows from the theory of covering spaces that the s-fibre II(M), at = is
homeomorphic to the universal cover of M with base point x, and that the vertex group
II(M)% is the fundamental group 71 (M, x) of M (with base point z).

There are many more natural and interesting examples which arise from the theory of fibre
bundles (e.g. the gauge groupoid or the frame groupoid), but we will omit them here; further-
more, it is possible to impose a differentiable structure on a groupoid G = M, in which case
the groupoid is called a Lie groupoid — most interesting examples of groupoids actually arise in
the smooth category.

3 Haar systems

Throughout this section and in later sections, G = M will be a second countable, locally
compact Hausdorff groupoid. In order to construct a convolution algebra on C.(G), we need
an analogue of the Haar measure for locally compact groupoids. There are several possible
definitions of such an analogue; we will use the following one.

Definition 3.1. A left-invariant Haar system on G = M is a family p = {u* | = € M} of
Radon measures on G, such that:

(i) Full support. For any x € M, the support supp(u®) := {g € G | u*(U) > 0 for any nbd. U of g}
of p* equals the t-fibre G*, i.e. supp(u*) = G*.

(ii) Continuity. For any f € C.(G), the map u(f): M — C, given by u(f fG
is continuous.

(iii) Left-invariance. For any Borel function f: G — C and g € G, there holds

/ £ (1) 4t () = / F(gh) 429 (h).
G G

Remark 3.2. The continuity condition (ii) ensures that we have a map pu: C.(G) — C.(M).
Together with the condition (i), this means that u may be seen as integration on the t-fibres. The
product gh, which appears in condition (iii), is well-defined — indeed, since 1*9) is supported
only on t~1(s(g)), the integral runs over all b € t~1(s(g)), hence t(h) = s(g). Furthermore,
the left-invariance property (iii) is clearly equivalent to p¥(S) = u*(¢S) for any ¢g: x — y and
S € B(G), where we have written gS = {gh | t(h) = s(g),h € S}

Remark 3.3 (Right-invariance). Similarly as with groups where every left-invariant Haar mea-
sure p gives rise to a right-invariant Haar measure (given by p_1(S) = u(S™1) for any S € B(G)),
we can associate to every left-invariant Haar system on G = M a set of Radon measures
{pz | * € M} on G, by defining p,(S) = p*(S71), for all S € B(G). It is easy to see that we
then have supp(u,) = G, for all x € G (i.e. the set of measures is supported on the s-fibres),
and

/G F(h) dpasg) (k) = /G £(hg) dung (1)

for any g € G. The continuity condition also holds, which comes as a consequence of the easily

verified pushforward formula:
/ fdu® / (f oinv) dpy.

Such a system of measures on G = M is called a right-invariant Haar system. To sum up,
left-invariant and right-invariant Haar systems are in a bijection.



Example 3.4.

(i) Groups. If G is a locally compact Hausdorff group, then as a groupoid, G admits a Haar
system {u}, where u is a Haar measure on the group G (cf. section 1).

(ii) Action groupoids. If G is a locally compact Hausdorff group, acting on a locally compact
Hausdorff space M from the left, then G x M = M admits a right-invariant Haar system
{nxdy | x € M}, where M is a right invariant Haar measure on G. It’s easy to see that for
every f € Co(G x M), p = [ f(h,x du h) and that right-invariance of this Haar
system is just [, f(h,gx) du = | f(hg,x)du(h), for every g € G.

(iii) Pair groupoids. Given a Radon measure p on a locally compact Hausdorff space M with
full support (i.e. supp(p) = X), we have a right-invariant Haar system {u x d, | = € M}
on the pair groupoid M x M = M.

Unlike with Haar measures on locally compact Hausdorff groups, a Haar system on a groupoid
may not exist, and in case it does, it may not be unique (non-uniqueness is clear from example
(iii) above). The following lemma gives a necessary condition for the existence of a Haar system.

Lemma 3.5. If a Haar system exists on G = M, then the source and target maps are open.

Proof. Let U be an open subset of G and let = € ¢(U) and pick g € U with t(g) = =. Since
G is locally compact Hausdorff, we may pick a nonnegative f € C.(G) with compact support
supp(f) C U and f(g) = 1, by Urysohn’s lemma. Since supp(p*) = G*, we have u(f)(z) > 0.
But u(f) is continuous and supp p(f) C ¢(U), so x is an interior point of U. Since x € t(U) was
arbitrary, t(U) is open. The same argument works for the right-invariant Haar system and the
openness of source map. |

Openness of the source and target maps are not a very exciting feature of a topological
groupoid — in fact, when dealing with Lie groupoids, we always assume that the source and
target maps are submersions, so that their fibres and the set M * M are embedded submanifolds
of G (otherwise we cannot make sense of smoothness of partial multiplication).

Sufficient conditions for a topological groupoid to admit a Haar system may be found in [4].
Furthermore, a Lie groupoid always admits a Haar system, which may be proven using densities.
We will not prove these statements in the present document, and will rather focus on topological
groupoids that admit particularly well-behaved Haar systems.

4 Etale groupoids

An étale groupoid, roughly speaking, has dimensions of the space of morphisms and the space
of objects are the same. In the topological category, we mean the following.

Definition 4.1. A topological groupoid G = M is étale, if the source and target maps are local
homeomorphisms.

Remark 4.2. The word étale means spread-out or flat in French.

It is easy to see that as soon as one of the source or target maps is a local homeomorphism,
so is the other; just recall the relation s = ¢ o inv and note that inv is a homeomorphism.
Furthermore, if G = M is étale, it follows immediately that s and ¢ are open maps. The next
proposition shows that any étale groupoid admits a Haar measure.



Proposition 4.3. For a second-countable, locally compact Hausdorff groupoid, the following
are equivalent.

(i) G = M is étale.

)
(ii) The partial multiplication map m: G * G — G is a local homeomorphism.
(iii) G has a basis of open bisections.

iv)

(iv) 1y C G is open and G = M admits a Haar system.

Remark 4.4. A subset A C G is said to be a bisection, if s|4 and t|4 are injective (i.e. no two
morphisms in A have the same source or target). It is an easy exercise to show that A C G is a
bisection if and only if AA~', A=Y A C 1,;, where we have defined

AB = {ab]| s(a) =t(b),a € A,b € B}.

Proof. (i) — (ii): If (g9,h) € G * G, by assumption there exist compact neighborhoods U of ¢
and V of h, such that s|y and t|y are homeomorphisms onto their images. Then U x V :=
(GxG)N (U x V) is a compact neighborhood of (g,h) in G * G, on which the restriction of m
is injective. Indeed, if g1h1 = goho, applying the map ¢ to the both sides of this identity yields
g1 = g2, and applying s yields hy = hy. This restriction is closed as a map from a compact to a
Hausdorff space, hence a homeomorphism.

(ii) — (iii): If U is a neighborhood of a given point g € G, by assumption there exist open
neighborhoods V' C U of g and W C U~! of g1, such that the restriction of m to V x W is
injective. Then VN W ! C U is the wanted neighborhood of g¢.

(iii) — (iv): To show that 1); C G is open, note that for any 1,, by assumption there exists
an open bisection S that is a neighborhood of 1, with SS=! C 1;;. The set SS~! is open in G
(this is true because clearly (iii) implies (i), and we have already proved that (i) implies (ii)).

Since 17 is open, the spaces G, and G” are discrete (and thus by second countability,
countable), for any x € M. Indeed, observe that any ¢g: * — y defines a homeomorphism G* —
GY, given by h +— gh, and that in the induced topology on G*, the subset {1,} = 13, NG* C G*
is open. This implies that the singleton {g} is open in GY as the image of {1, } via the mentioned
homeomorphism. Similarly, g: + — y defines a homeomorphism G, — G, given by h — hg,
and {1,} is open in G,, so G, is discrete.

To construct the Haar system, we define u” as the counting measure on G*, for any x € M.
Using a partition of unity subordinate to a countable open cover by bisections of G, we may
write a given f € C.(G) as a finite sum of functions supported on bisections. Therefore it is
enough to consider functions f € C.(G) which are supported in an open bisection S. For such a
function, we have that for any € M with f|g= # 0, there holds

p(H)@) = > f(h) = fhe),

heSNG=

where h, € SNG® denotes the unique element at which f|snge is nonzero. In other words, there
holds pu(f)ot = f, and by using the fact that ¢ is a local homeomorphism, this proves continuity
of f (note that we are again using that (iii) implies (i)). Finally, to show left-invariance of this
Haar system, just note again that if g: x — y is a morphism, it induces a bijection G* — GY,

h +— gh, and so
> fh)y =" flgh).

heGY heG*®



(iv) — (i): We may assume that for any = € M, the measure p* in the given Haar system is
a counting measure on G*. Indeed, since 15s is open, G* is discrete and since supp(u”) = G,
every point in G* has a positive p*-measure, so we can define a positive (continuous) function
a = u(xi1,,) where x1,, is the characteristic function on 1j,. This means that the measure
v® = ax) "' p”® has the property v*({1,}) = 1, and thus by left-invariance v*({g}) = 1, for any
g € G”.

Let’s prove that r is locally injective (we will do so similarly as in Lemma 3.5, which showed
that r is open). Let g € G and = = t(g). Since G is locally compact Hausdorff, we can find a
compact neighborhood U of g which intersects G* only in g. Then v*(U) = 1 and by continuity
of the Haar system, we may assume (by shrinking U if necessary) that v¥(U) = 1 for any
y € t(U), which shows that 7|y is injective. The proof for the map s is similar. ]

Remark 4.5. Topological groupoids with the property that 13, is open in G are sometimes
called r-discrete. The implication (iv) — (i) in the proof above shows that on such a groupoid,
the s- and t-fibres are discrete, and that if a Haar system exists, it is uniquely determined up
to a positive multiplicative function on the space M of objects, and may hence be chosen as the
counting measure on each G*. As we have shown, the only feature that distinguishes r-discrete
from etale groupoids, is precisely the existence of a Haar measure.

Example 4.6.

(i) The base groupoid of a locally compact Hausdorff space is étale.
(ii) A discrete group is an étale groupoid over a one point space.
(iii) If a discrete group G acts on a locally compact Hausdorff space M, the action groupoid

G x M = M is étale.

There are other important examples of étale groupoids, including the groupoid of local bisections
of G = M, the Haeflinger groupoid, and the étale monodromy groupoid (see [5, p. 114 and 134]
for more details).

5 Groupoid C*-algebras

To produce a C*-algebra from a second-countable, locally compact Hausdorff groupoid G = M
with a Haar system p, we must give C.(G) a *-algebra structure. Although this structure is
dependent upon the chosen Haar measure p, we will just write C.(G) instead of e.g. C.(G, ).
Naturally, we define for f1, fo € C.(G) their convolution by®

(s £(g) = [ Flh) o™ g) dutD (1), 1)
G
and for any f € C.(G), its involution by

f*(g) = flg™h). (2)

It is clear that if f € C.(G), then f* € C.(G) with supp(f*) = supp(f)~!. However, it is not so
immediate that fi * f2 is continuous if fi, fo € C.(G); the latter follows from the following.

$In terms of the associated right-invariant action, (f1 * f2)(g) = Jo (gh™") f2(h) dps(g) (h).



Lemma 5.1. Let G = M be a second-countable, locally compact Hausdorff groupoid with a
Haar system p. If F' € C.(G x¢ G), then A(F) € C.(G), where

= / F(h, g)dp'@ (h),
G

and we have denoted G x; G = {(g9,h) € G x G | t(g) =t(h)}.

Proof. Since GG is second-countable, G x G is normal. By Tietze extension theorem and the
closedness of G x; G in G x G, we extend F to a bounded continuous function on G x G, and
since G x G is paracompact, we may use a partition of unity to obtain a compactly supported
function which equals F' on G x; G. Hence we may assume without loss of generality that
F e C.(G x G).

Now the function G — C.(G), g — (h — F(h,g)) is continuous with respect to the compact-
open topology on C(G), hence the function ®: G'x M — C, given by (g,z) — [, F(h,g)du®(h)
is also continuous, and so is A(F') = ® o, where 1;: G — G x M is defined as g — (g,t(g)). W

Proposition 5.2. The vector space C.(G), endowed with operations (1) and (2), is a *-algebra.

Proof. By the previous lemma, the convolution f; % fo is continuous (just take F'(h,g) =
fi(h)f2(h~1g)). Since (f1 * f2)(g) is clearly nonzero only if there exists an arrow h € G such
that fi(h) and fo(h~!g) are both nonzero, we have supp(f1 * f2) C supp(f1)supp(f2), so that
f1 * f2 is indeed compactly supported.! We check the property (fy * f2)* = fo* % f1*: for any
g € G, we have

s(g)

(f1* f2)*( /f1 )2 (h g™ )du( 1)(h)

/f (67') o () da@ (1)
= (f2" = f1")(9),

where we have used left-invariance of u in the second line. For associativity of convolution, just
note that we have to use left-invariance and Fubini’s theorem in a straightforward manner (or
see [6, Proposition 1.34]). [ ]

Example 5.3.

(i) Groups. If G is a locally compact Hausdorff group with a Haar measure i, and we observe it
as a groupoid with a Haar system {u}, then the convolution coincides with the definition in
section 1. However, the involution in the case of a groupoid is missing a modular function;
the main reason for the factor A(g~!) in the group case is that it makes involution an
L'-isometry. At the first glance, this means that our definitions of group and groupoid
C*-algebras do not coincide. However, it may be shown that the groupoid C*-algebra
C*(G = {*}) of G (cf. Definition 5.9) is *-isomorphic to the group C*-algebra C*(G)
as defined in the first section, with the isomorphism induced by ¢: CS™"(G) — Co(G),
o(f)(g) = A(g)%f( ). For more details, see [6, Example 1.50].

INote that K1 Ko = m(G*x G N (K1 x K2)) is compact, if K1 and K are.
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(ii) Action groupoids. If G x M = M is an action groupoid with the right-invariant Haar
system {u X 9, | x € M} from example 3.4 (ii), the convolution and involution formulas
read:

(fi* f2)(g,x / fi(g x) fa(h,x) du(h),  f*(g,2) = f(g~1, g).

(iii) Pair groupoids. If M x M = M is a pair groupoid from example 3.4 (iii), the convolution
and involution formulas read:

(fr * f2) (9, 2) /ja% Valzx)du(z),  F*(y,2) = F@,p).

(iv) Etale groupoids. Let G = M be étale. As we have shown in section 4, we may pick a Haar
system which consists of counting measures on t-fibres, so that

(fixf)lg) = > f1 ) fa(h™g) Z f1 (gh™ = Y filgr)fa(g2)-
(h)=

t(h)=t(g s g192=9

In order for C.(G) to become a normed *-algebra, we must equip it with a submultiplicative
norm ||.||, so that the involution becomes an isometry. A natural choice for the norm is

1£1ly = max{{[ £l 11763

where

£l = sup MA@ = sup [ [fd and Fly, = sup [ 171de
In the literature, ||.||; is known as the I-norm; note that a suggestive notation could also be
[lloo, and |||l ¢ since these are just the supremum norms of a fibre-integrated function. We

will stick to ||.||; as to avoid potential confusion.
Proposition 5.4. ||.||; is a norm on the *-algebra C.(G).

Proof. 1t is a routine check that |.||; is a norm on the vector space C.(G); for example, positive
definitness follows from the observation that || f||;, = 0 implies [, |f|du® = 0 for all 2 € M,
which further implies f|t_1(gc) = 0 p®-a.e., so that f = 0 by continuity.

From the definition of involution, it is clear that || f*||; = || f||; for any f € C.(G). To check
submultiplicativity, let fi, fo € C.(G). We have:

PN
b/1flaﬂfé(h19)d#¢(g)(h)‘dﬂx(9)
xeM

Sm/(ﬁﬁ’mhgwt)ww>
- 535/0 A (R)] </G |f2(h™"g)] du“”(g)> dy* (h)
- 5315/@ A (/c ‘f2(g)!dﬂx(9)) dp(h)

<lfallz,.

| f1 * f2H1,t = sup

< [1Allze 1 f2llz e

where we’ve used Fubini’s theorem in the third line and left-invariance in the fourth. We similarly
prove [|fi* fallp s < [ fillr s 1 f2ll 50 s0 it is clear that [|fix fall; < [ full; [[foll - n
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We sometimes denote the completion of C.(G) with respect to the norm ||.||; as L} (G = M).

Definition 5.5. Let H be a Hilbert space. A x-homomorphism 7: C.(G) — B(H) is called a
representation of Co(G). It is norm-decreasing if there holds ||7(f)|| < ||f]|; for all f € C.(G).

Example 5.6. Regular representations. Important nontrivial examples of representations of a
groupoid G = M with a Haar system p may be constructed in the following way. Let 6 be

any Radon measure on M, and define two positive linear functionals on C.(G): v = § o u and

L =fopul ie.

- [ ([ 1@ @)oo wa 0= [ ([ @) i,

We now take H = L?(G,v™!) as our Hilbert space and define Indy: C.(G) — B(H) as the
convolution of f € C.(G) with p € L?(G,v71), i.e.

Indy(f / F()p(h™g) dut® (). (3)

We omit the proof of the fact that Indy is indeed norm-decreasing (see [6, Remark 1.40]). To
see that it is a *-representation, we let p,o € L?(G,v~!) and straightforwardly compute:

(ndolf / / ( / F()p(h g)dﬂ()(h))ﬁ(g)dua;(g)de(x)
/ / </ flkg™ d#sm(k))&(g)dux(g)de(:g)
:/ /p </fk9 )7(9) dptag )> dpt, (k) d6(x)

/ / (/ f(R)a(h™ k) dut® )(h)) dpte (k) d6(z)

p7 IndG'

where we have used the pushforward formula together with right-invariance in the second line
(k = h~'g), Fubini’s theorem in the third line, and pushforward formula together with left-
invariance in the fourth line (h = kg~1).

Remark 5.7. In particular, we have the important case of the regular representation of G = M
which arises from a Dirac measure 6, on M. In that case, Inds, is a representation on L?(Gy, i),
and is given for any f € C.(G) and p € C.(G5) by

Inds, ( /f p(h™"g) dp"9) (n).
Proposition 5.8. Let f € C.(G). If we define
I fll, = sup{||7(f)|| | 7: Ce(G) — B(H) is a norm-decreasing representation},

we obtain a norm on C,(G), called the universal norm.

Proof. The only nontrivial thing to check is positive definiteness. Suppose f # 0, so that there
exists an element g € G with f(g) # 0. By continuity, there exists a neighborhood U of g such
that flg # 0. Now let x = s(g) and choose the Dirac measure ¢, on M to obtain a regular
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representation Inds, : C.(G) — B(L?*(Gy, j1z)), so that if we pick p € C.(G,) as a nonnegative
function with supp(p) C (GH9) N U)~1g (note that this is an open subset of G, containing 1,),
p(lz) =1 and [, pdu, =1, we get

nds, (/)(0)(h) £0,
for all h in some neighborhood of g. This proves Inds, (f) # 0. |

Definition 5.9. The groupoid C*-algebra C*(G = M) is defined as the completion of the space
C.(G) with respect to the universal norm.

5.1 The case of an étale groupoid

To conclude, we show that the construction of the groupoid C*-algebra simplifies in the case of
étale groupoids. Throughout this section, we will continue assuming that G = M is a second-
countable, locally compact Hausdorff étale groupoid with a counting measure on each t-fibre, as
made possible by Proposition 4.3. For any f € C.(G), the I-norm on an étale groupoid reads

HfHFjélpmaX{ Z 1F9)l, > 1f(9) }

t(g)=z
We claim that every x-representation of C.(G) is automatically continuous:

Proposition 5.10. On an étale groupoid, every x-representation is norm-decreasing. The uni-
versal norm on C,(G) is hence given for any f € C.(G) by

| fll, = sup{||7(f)|| | 7: Ce(G) = B(H) is a representation}.

Lemma 5.11. For any f € C.(G), there is a constant K; > 0 such that ||7(f)|| < Ky for any
representation 7: C.(G) — B(H). If f is supported in a bisection, we can take Ky = || f||

Proof. Since G is étale and f is compactly supported, we may write f as a finite sum f =), f;,
where each f; is supported on a bisection. We define K¢ =", || fill

Since 7|¢,(1,,) is a representation of a commutative *-algebra, we must have ||7(f)| < [/fl
for any f € C.(1p). Since f; is supported on a bisection, so is f;, and we must have that
[ fi is supported on 1,7, and also || £ * fil| ., = HfZHio (To see this, just note that in general,
if f1, fo are functions on G supported on bisections Uj,Us, then we must have that for any
g = 9192 € U1Us, there holds (f1 * f2)(g) = fi1(g1)f2(g2).) Altogether,

e ()% = (7 Ol < N F* Filloo = N fill%

and now by triangle inequality, ||7(f)|| < Ky. The conclusion for when f is supported in a
bisection is clear since there is only one term in the sum. |

Proof of proposition. Let w: C.(G) — B(H) be a s-representation. To see that 7 is a norm-
decreasing representation, we only need to check that 7 is continuous with respect to the I-norm,
because then the (unique) extension of 7 to the completion (C.(G), ||.||;) of the *-algebra C.(G),
is continuous — it is a well-known fact that any x-homomorphism of C*-algebras is automatically
norm-decreasing.

We first show that 7 is continuous in the final topology on C.(G) induced by the inclusions
of subsets CX(G) = {f € C(G) | supp(f) C K} indexed by compact subsets K C G, where
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each CK(G) carries the ||| -norm. By the characterization of final topology, it is enough to
check that W]Céx(G) is continuous for any compact K. By Proposition 4.3, we may cover K by
finitely many open bisections (U;)i;, and write f = ). f; where supp(f;) € U;. Then

Zﬂ'<fi)

(2

I ()]l = |

< 2_lI=(f)ll = Z 1fillo < nllfll

where the second inequality follows from the previous lemma. This means that 7 is Lipschitz,
hence continuous in the final topology.

Now just note that for any f € C.(G), there holds ||f| ., < || f]|; since the fibrewise integral
is just summation, so that the final topology is coarser than the I-norm topology, implying that
7 is continuous in the I-norm topology. |
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